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Basis Functions for Axisymmetric Shell Elements
Which Satisfy Rigid-Body Requirements

G. R. Heppler,* I. Sharf,t and J. S. HansenJ
University of Toronto, Ontario, Canada

Shell elements are formulated using basis functions which are determined from the condition that the basis
functions must reproduce all six rigid-body motions as a minimal requirement. As such the basis functions will in
general not be polynomials; therefore the question of numerical integration schemes for the elements is also ad-
dressed. In order to demonstrate this capbility, examples are presented for a wide range of axisymmetric shells.
For these problems, the appropriate basis functions are developed and the formulation is verified by tests that in-
clude eigenvalue, prescribed rigid-body motion, and load-deflection results.

Introduction

I N a previous paper,1 a method was developed which
enabled shell-coordinate finite elements to reproduce ex-

actly all six Cartesian rigid body modes. This was ac-
complished by forcing the rigid-body capability as an essen-
tial requirement for the derivation of the basis functions.
The work in Ref. 1 presents the general approach to the prob-
lem; however, this method was only implemented for shells
of revolution with straight meridians. The present work ex-
tends the previous results to the more general situation of ar-
bitrary shells of revolution. Previous research that addressed
the rigid-body motion capabilities of shell elements2'11 was
reviewed in Ref. 1; further, the merits of various approaches
to this problem were also discussed. In addition to the
above, a recently developed element12 treats the question in a
novel manner by employing shell coordinates but at the same
time allowing the nodal degrees of freedom to be expressed
relative to a Cartesian frame. The geometric representation
achieved with this element is only exact for certain shell con-
figurations (the complete set of conic sections among them),
and in other cases matches the exact geometry at a finite
number of defining points.

Element Formulation
The element to be discussed herein follows that presented

in Ref. 1; thus the formulation will only be outlined in order
to maintain completeness and for the readers' convenience.
Reference should be made to Ref. 1 for further details.

The work is based on an extension of Reissner13"16 and
Mindlin17 plate theory expressed in curvilinear shell coor-
dinates. These theories have been shown to yield good results
for thin to moderately thick shells.18'24 In this work, linear
strain-displacement relations of the form
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are used, where (x,y,z) are orthogonal curvilinear coor-
dinates; where x and y lie at the midsurface of the shell, and
z is normal to the midsurface. The tangential displacements,
u and v, are in the x and y directions, respectively; w is the
normal displacement; and a and /3 the Lame coefficients.
The normal strain ezz has not been included in the preceding
equations in anticipation of the requirements of the
Reissner/Mindlin formulation.

So that the present results are not restricted to thin,
shallow shells, the factors I/a and 1//3 are expanded in
binomial series truncated to terms of 0(z2). Thus the strain-
displacement relations take the form

e=[B0+zBl+z2B2]d = (6)

where d=[u, v, w, \^x, ^y]T. As a result of the
Reissner/Mindlin formulation, the displacement field is
taken as

u (x,y,z) = u (x,y)

v(x,y,z] = v(x,y)

(7)

(8)

(9)

Here, u, v are midsurface displacements while w is a
measure of the normal displacement and \[/x, \j/y are rotation
measures.

The material is assumed to be linear-elastic, isotropic, and
homogeneous; in the constitutive relation a shear correction
factor (k2 = 5/6) is included consistent with Reissner's
development.13 The formulation of the element stiffness
matrices then follows directly, yielding

(10)

where for a general shell dV = a(3dxdydz and [N] is a matrix
of basis functions. The basis functions are used to model the
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shell degrees of freedom (u, v, w, \I/X, \l/y) in the form

where f represents any of the shell degrees of freedom.
When evaluating the stiffness matrix Eq. (10), exact integra-
tion through the thickness is used although terms of O(z3)
and greater in the integrand are neglected.

Basis Functions
The kinematic relations between the shell coordinate

degrees of freedom and the six possible rigid-body degrees of
freedom, referenced to some convenient Cartesian frame,

can be expressed in general by1'4

d=T(x,y)d (12)

where d is the vector of shell degrees of freedom (u, v, w,
\l/x, \l/y), and 5 a vector of rigid-body translations and rota-
tions. The three rigid-body translations are designated by
(dx,5y,dz) and are parallel to the X, 7, and Z axes of the
reference Cartesian frame, respectively. The three rotations
are about the X, Y, and Z axes represented by (9xf6y,6z).
The transformation T is generally a function of the shell
coordinates (x,y), see Fig. 1.

For the development of the basis functions, the elements
are restricted to be rectangular with the curvilinear coor-
dinates (x,y) coincident with lines of principal curvature.
This choice allows the trail function to be expressed as

Fig. 1 Geometry of a shell of revolution.
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where f,y is the value of f at the //th of the mxn nodes and
Gj(x), ffj(y) are basis functions to be determined. The
same procedure, previously outlined for shells with straight
meridians, was followed for this more general case. Referr-
ing to Fig. 1 the kinematic transformation matrix of Eq. (12)
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Fig. 2 Finite element for shells of revolution. Fig. 3 Hyperboloid cooling tower: geometry.

Table 1 Eigenvalues of representative elements from each geometry

No.

1
2
3
4
5
6
7
8
9
10

Hyperboloid
cooling tower

-1.0802X10-6

-4.5069X10-7

-3.0591 x l O ~ 7

8.9539xl(r8

6.1092xl(T7

1.1509xlO~6

2.5472 X l O 3

8.0893 xlO 3

9.2763 X l O 3

1.0622 X l O 4

Ogival
Large element

-3.4724xlO~8

-2.3217xlO~8

-1.3411X10-7

-7.1783xlO~9

-3.9376X10-11

2.8372xlO~ 6

5. 8950 x lO 3

6.6265 x lO 3

3.3137X104

1.0271 x lO 5

shell
Small element

-2.9384xlO~8

-1.4916X10-8

5.3011X10"9

9.7667 X10~ 9

1.3352xl(r8

1.0419X10"7

9.9938 X l O 3

1.8662 X l O 4

2. 5423 X l O 4

2. 6860 x lO 4

Parabolic
dome

- 4.6093 x 10 -1

-3.3334xlO~ 7

-6.2194X10"8

6.4450xlO~8

2. 8427 X l O " 7

1.1465xlO~ 6

1.0928 X l O 4

1.4851 X l O 4

5. 1207 X l O 4

2.1176X105
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is given specifically as4
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In the preceding relations R=R(x) is the radius of the shell
of revolution at any axial station and the primes denote dif-
ferentiation with respect to x.

For a shell of revolution the Lame parameters and the
radii of curvature are given as4

Ry=AR (16)

sin (0! - 02) - sin^ - 03) + sin(02 - 03)

H2(6)=- sin(0 - 03) - sin(0 -00 + sin(03 - 6{)

/ /3(0)=

sin(02 - 03) - sin(02 - 0!) + sin(03 - 6{

sin(0 - 0 j ) - sin(0 - 02) + sin(01-62)
sin(03 - 0{) - sin(03 - 02

(17)

f ( x ) = g(x)=R'/A,

sin0

Note that for this definition of A the x coordinate is not cur-
vilinear at the midsurface of the shell, but axial and parallel
to the axis of the shell. The coordinate 0 replaces y due to
the definition of B. Since (;c,0) are orthogonal coordinates,
these may be considered to take the roles of (x,y) in Eq.
(13). Because the shell in question is a surface of revolution,
the basis functions corresponding to the 0 direction are the
same as those developed by Hansen and Heppler1 which
have been shown to allow the satisfaction of the rigid-body
requirements of a specific axial cross section of the shell
(i.e., X = XQ = const). Therefore the trial function will have a
minimum of three nodes in the circumferential direction and
the corresponding basis functions1 are

sin(0 - 02) - sin(0 - 03) + sin(02 - 03)

It remains to determine the basis functions, Gt(x). Consider-
ing any meridian of the shell (i.e., 0 = 00 = const) and examin-
ing the first row in Eq. (14), it follows that u is related to the
rigid-body motions through three unique functions of x.
Specifically,

= (R-xR')/A (18)

Thus, in order that the Gf(x) be able to reproduce a rigid-
body motion, they must be able to reproduce the forms of/, g,
and h. For an arbitrary rigid body motion it must follow that

(14)

where Sj and Cj are sine and cosine evaluated at 0 = 0,, respec-
tively, and utj is the value of u at node (/ such that

uu=fidx + giSjdy+giCjdz + hiCjOy-hiSjOz, i= l ,4 (20)

In the above expression (/), giy hf) are the functions (f,g, h)
evaluated at # = #/. Replacing w/:/- in Eq. (19) with the explicit
form from Eq. (20) and equating the coefficients of the rigid-
body components results in an overspecified system of equa-
tions in terms of the unknowns Gf (x) (five equations in four
unknowns). Two equations can be shown to be linearly depen-
dent on the other three and, hence, can be removed from the
system. Then after adding the requirement that the Gf(x) be
normalized such that the sum of the basis functions add to
one, the following system results (after removal of common
constants from each side of the equation),

(21)
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Fig. 4 Hyperboloid cooling tower: displacements u, w.



DECEMBER 1986 FUNCTIONS FOR AXISYMMETRIC SHELL ELEMENTS 2017

Therefore, when (f,g,h) are linearly independent, four unique
basis functions will exist and four nodes are required in the x
direction. It may occur that (f,g,h) are not linearly indepen-
dent, in which case an alternate treatment is necessary; this is
discussed in the example problems. Equation (21) can be solv-
ed for G;(;t), /= 1,4. Specifically, it can be shown that

(g-g2)((h2-h3)(f2-f4)-(f2-f3)(h2-h4)]

(h-h2)((f2-f3)(g2-g4)-(g2-g3)(f2-f4)]}/A(22a)

+ (^l-^2)[(/2-/3)te-^4)-fe-^3)(/2-/4)]) (22b)

Basis functions G2(x), G3(x), and G4(*) may be found by
cyclic permutation of the subscripts in the preceding equa-
tions. With reference to Fig. 2, the complete basis functions
for ii will be given by

TVj - G! (x)H{ (6) N2 = G! (x)H2 (6) N3 = Gl (x)H3 (6)

N4 = G2 (x)H3 (0) N5 = G3 (x)H3 (6) N6 = G4 (x)H3 (0)

N7 = G4 (x)H2 (6) N8 = G4 (x)H{ (6) N9 = G3 (x)Hl (0)

Nlo = G2(x)Hl(6) Nn=G2(x)H2(6) Nn = G3(x)H2(6)

(23)

The above basis functions can reproduce all six rigid-body mo-
tions and will not induce strain in the shell element under a
rigid-body motion. All of the degrees of freedom are of class
C° across the element boundaries.

In the foregoing development, only the u degree of
freedom has been dealt with specifically. The other degrees
of freedom may be treated in a similar manner, but the
following observations are in order. For modeling ease, it
was decided that all of the degrees of freedom (u, v, w, \^x,
\l/y) should be specified at the same nodes. Thus, every node
will have the same number of degrees of freedom associated
with it. Therefore, basis functions of the form developed for
u are required for each of the remaining degrees of freedom.
Note that the form of the G/'s is completely general for/, g,
and h that are linearly independent. Then, by inspection of
Eq. (14), it can be found that for w

f=l/A, g = R'/A, h=(x + RR')/A (24)

For v only two functional forms involving x are present in
Eq. (14), but in order to have v specified at four nodes in
the x direction, a third functional form was required. In
order to achieve some symmetry this was selected to be the
form of h as given below. Then for v

f=x, = R, h=xR (25)

Note that this choice does not eliminate the capability of
reproducing rigid-body motion.

Following an argument similar to that for v above, the
choices of (f,g,h) for \l/x and \l/y were taken to be the same
as those for u. In summary, the selected basis functions have
been formulated to allow recovery of all rigid-body motions
if required; these basis functions are defined, through the
definitions of (f,g,h), in terms of fundamental geometric
descriptors of the shell.

Numerical Integration
Exact integration in the 6 direction is achieved by the

method given in Ref. 1 and, for the examples to be presented
in this paper, seventh-order Gauss quadrature was found to
be satisfactory in the x direction. This relatively high order
of integration (seven) was required in order to integrate the
longitudinal basis functions accurately and achieve six strong
zero eigenvalues. Relaxing the integration order below seven
was found to lead to the loss of one or more of the rigid-
body modes for these geometries.

Numerical Tests and Results
Three shell geometries were employed to assess the above

element. They were a hyperboloid cooling tower, an ogival
cylinder, and a parabolic dome. In each case an eigenvalue
analysis was performed along with a specified rigid-body
motion in a gravitational field where the calculated work is
compared to the theoretical work. In addition, the consistent
internal force vector was calculated for each of the six possi-
ble rigid-body motions and, finally, a problem with specified
boundary constraints and applied load was treated and com-
pared to previous results.

Hyperboloid Cooling Tower
The geometry and material properties of the cooling tower

are shown in Fig. 3. This geometry has the following expres-
sion for the radius:

(26)

Then from Eqs. (15), (16), and (26) all of the geometric
parameters in the strain-displacement relations, Eqs. (1-5)
and (9), may be determined in addition to the basis func-
tions, thus allowing formation of the element stiffness
matrix.

The results of an eigenvalue analysis on the stiffness
matrix for element number / in Fig. 3 is given in Table 1
where the first ten eigenvalues are listed. Notice that the first
six eigenvalues are at least nine orders of magnitude less than
the seventh eigenvalue. The first three eigenvalues are
negative as a result of the numerical errors that arise in the
eigenvalue calculation and the magnitude of these numbers
reflects the accuracy of the eigenvalue calculation because
the stiffness matrix is necessarily positive semidefinite.
Hence, as required, there are six "zero" eigenvalues present.

A further test used to assess the basis functions involved
their use in forming the consistent force vector associated
with the body forces arising from gravitational acceleration.
The test consisted of specifying a unit rigid-body displace-
ment in the Cartesian reference frame in the presence of a
uniform gravitational acceleration, not necessarily directed in
the same direction as the prescribed unit displacement. The
work calculated from the dot product of the displacement
vector and the calculated gravitational consistent force vec-
tor was compared to the exact work calculated analytically.
Results are given in Table 2. For the cooling tower example
the error in the calculated work done is uniformly less than
1 % for the two orientations of the gravitational acceleration
vector investigated. It is also illustrated that there is no
benefit obtained in increasing the integration order in the x
direction from seventh- to ninth-order Gaussian quadrature.

The stiffness matrix is evaluated in the next test in which
the force vector arising from the multiplication of the stiff-
ness matrix and a specified displacement vector is calculated
under a set of prescribed rigid-body motions. The stiffness
matrix for element /, shown in Fig. 3, was multiplied by six
displacement vectors in turn. These displacement vectors cor-
responded to each of the six fundamental rigid-body motions
(dx, by, bz, Ox, Oy, 6 Z ) . See Table 3. In all cases the resulting
vector was "numerically zero," by which we mean that all
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entries were O(10~*) or less. By comparison, entries in the
stiffness matrix were O(105) and the nonzero entries in the
displacement vectors were O(10~2) or greater. The norms of
the prescribed as well as calculated vectors and matrices are
given in Table 3, where the vector norm is the Euclidian
norm and the corresponding matrix norm is given by (largest
eigenvalue of KTK)l/2 (Ref. 27). These values serve to further
illustrate that the calculated force vector is "numerically
zero."

Finally, for this example the results of calculations cor-
responding to a gravity self-weight loaded cooling tower are
presented (Fig. 3). Comparison is made to results obtained
by employing the element developed in Ref. 24 which is iden-
tical to that developed herein except that bicubic Lagrange
basis functions were used in the element formulation. There
were 195 degrees of freedom present in the model that used
the rigid-body basis functions developed herein, while the
model comprised of the bicubic Lagrange basis function
elements had 260 degrees of freedom.

In keeping with the axisymmetric nature of the loading,
there was no circumferential variation in the computed
displacements in either case with v and \//y being uniformly
zero everywhere. The meridional and normal displacements
are given in Fig. 4 where the difference between the results

obtained with the two different types of basis functions is
indistinguishable.

In Fig. 5 the stress resultants are compared not only to
those from the bicubic Lagrange element24 but also to those
reported by Fonder and Clough,5 where explicit rigid-body
augmentation was not employed for this example. The agree-
ment between the present element and that of Ref. 24 is
again excellent while the agreement to the results from Ref.
5, where 252 degrees of freedom were used, is also very
good.

The moment resultants are presented in Fig. 6. The dif-
ferences in the manner in which the two types of basis func-
tions approximate the displacement field are apparent in this
figure. Although both elements yielded similar trends there
were instances of large disagreement between the two sets of
results, particularly near the base of the tower (x = -3038.76
in.). There is also an absence of "near continuity" across
element boundaries in both cases. For the moment resultant
data there is no clear "best choice" of basis functions.

Ogival Cylinder
This shell is formed by rotating a segment of a circular arc

about an axis that lies between the generating curve and its
center of curvature. The geometry for the present problem is

Table 2 Work done by a prescribed unit rigid-body translation in a gravitational field

Geometry
Direction cosine of Analytical work, Numerical work,

g'm(X,Y,Z) Ib-in. Ib.-in. A°7o

Hyperboloid cooling tower,
h = 0.5 in.:
Seventh-order Gauss, dx = 1

Ogival shell:

«,=i
Parabolic dome:

«* = !

(
(•

(1, 0, 0)1 ~ ' ' )vT V3 ' V3/1 -1 1\
VT V3 ' V3/

(-L. -L, o)

(+- ± °)\V2 V2 /

( -1 ,0 ,0)
(-1 ,0 ,0)

34,994

20,204

20,204

185.53

0

-2875.2
0

35,214

20,330

20,331

185.54

5. 3291 X lO" 1 4

-3031.3
1.3145X10'12

0.6

0.6

0.6

0

0

5
0

Table 3 Prescribed motion results

Geometry

Hyperboloid
cooling tower

Ogival shell

Paraboloid shell

Prescribed
Stiffness matrix rigid-body motion

norm vector

1.05 xlO1 1 (1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,0,0)
(0,0,0,1,0,0)
(0,0,0,0,1,0)
(0,0,0,0,0,1)

7.57 X l O 1 1 (1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,0,0)
(0,0,0,1,0,0)
(0,0,0,0,1,0)
(0,0,0,0,0,1)

4.78 XlO 1 0 (1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,0,0)
(0,0,0,1,0,0)
(0,0,0,0,1,0)
(0,0,0,0,0,1)

Corresponding
nodal displacement

vector norm

3.46
3.46
3.46

3050.00
3270.00
2690.00

3.46
3.46
3.46

154.00
252.00
233.00

3.46
3.46
3.46

903.00
1080.00
842.00

Calculated force
vector norm

5.40xlO"8

2.09X10-7

1.67X10-7

S. lOx lO- 8

2.36X10-7

2.10X10"7

2.73 x l O ~ 8

2.72X10"8

3.15X10-8

1.97xlO~ 8

2.02X10-8

1.53X10"8

3.48X10-7

9.94X10-8

1.08xlO~7

5.59xlO~ 8

1.94X10-7

1.23X10'7
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given, along with the material properties, in Fig. 7. The
radius, as a function of the axial position ;c, is given by

R(x) =Vr2- [jt-rsin(0/2)]2+ [b-rcos(c/>/2)] (27)

Although the method outlined above for constructing
basis functions that will admit rigid-body motions is quite
general, this example illustrates that caution is advisable. In
specifying the functions /, g, and h in Eqs. (18), (24), and
(25) for use in creating the basis functions, it was required
that /, g, and h be linearly independent and nonconstant.
For the present geometry it can be shown that the (f,g,h)
used to interpolate u and w [Eqs, (18) and (24)] are linearly
dependent; hence, these choices are unacceptable. Two solu-
tions to this problem are possible: first, reduce the number
of nodes in the axial direction from four to three [to reflect
the fact that only two of (f,g,h) are independent] or choose
a new form for one of (f,g,h) which is linearly independent.
The first option leads to a formulation that changes with
shell geometry—an unattractive option. The second choice
requires only minor changes to the computer code and leaves
the form of the element intact. Hence for the ogival cylinder,
(f,g,h) for degrees of freedom (u,w,\l/x,\l/y) become

f=l/A, g = R'/A, h = R'/A2

and those for v remain as specified in Eq. (25).

(28)
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Fig. 5 Hyperboloid cooling tower: stress resultants, Nx, N .
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The results of the eigenvalue analysis of the stiffness
matrix are given in Table 1. The results for the ''large ele-
ment" are the eigenvalues of the stiffness matrix of an ele-
ment which spans one radian of the arc and the entire height
of the shell. The "small element" also covers one radian but
only the bottom fifth of the height of the cylinder. As in the
previous case there are the requisite six zero eigenvalues for
both examples.

The accuracy achieved in the calculation of the work done
in applying a unit translation, as compared to the exact
value, is shown to be excellent with a negligible error being
present, see Table 2.

As in the previous case, the internal force vectors
calculated by taking the product of an element stiffness
matrix and a prescribed displacement vector that cor-
responds to a fundamental rigid-body motion are
"numerically zero." The pertinent vector norms are given in
Table 3 and the relative magnitudes of the individual entries
were similar to those given in the previous example.
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Fig. 7 Ogival shell: moment resultant, Mx.
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The results of loading the shell shown in Fig. 7 by gravity,
in the direction shown, are presented in Figs. 7-9. Com-
parison is made to results obtained from a similar bicubic
Lagrange element24 and to more limited results due to
Klein.28 The meridional moment results are illustrated in Fig.
7, where the best results of Klein28 are also included. It is
evident that in order to achieve good moment resultant data,
four elements are insufficient for this problem and six
elements based on either the present rigid-body or bicubic
Lagrange basis functions yield superior results to the
42-element model of Ref. 30. The principal difference be-
tween the present results and those due to the bicubic
Lagrange element appear at the two local maxima (Fig. 7),
where the Lagrange element gives slightly lower values than
the rigid-body element. This trend is also evident in the
results for My.29

Although four elements did not provide a very good ap-
proximation to the moment resultants, it may be seen in Fig.
8 that, in terms of the displacements u and w, four elements
yield very good results. Only slight differences in the results

from the two types of basis functions are in evidence for w.
Finally, the stress resultants for this problem are reported

in Fig. 9 where the rigid-body element model exhibits
superior interelement continuity of the stress resultants. The
axial stress resultant TV^ tends to zero more strongly at the
top of the shell for the rigid-body basis functions than for
the bicubic Lagrange basis functions. Otherwise, the agree-
ment between the two sets of results is good.

Parabolic Dome
Unlike the previous fwo examples, the shell used in this ex-

ample is closed to form a pointed dome (Fig. 10). Again
loading will be due to gravity directed downward from the
apex of the dome. The radius equation is

(29)

and the forms of (f,g,h) used for the hyperboloid example
[Eqs. (18), (24), and (25)] are also used here.

As in the previous two examples there are the necessary six
zero eigenvalues; with those reported in Table 1 correspond-
ing to an element which spans one radian of arc and the en-
tire height of the dome. The work done under a prescribed
unit translation in a gravitational field is reported in Table 2
for an element that extends half-way up the dome from the
base. The error in the calculated work is larger than in
previously obtained results, i.e., -5%. The exact reason for
this large error has not been determined; the order of in-
tegration does not significantly affect the result.

The internal forces arising due to a prescribed rigid-body
motion are again ''numerically zero," with the results for
this example being similar to the previous two cases; see
Table 3.

The results for the gravity-loaded dome are given in Figs.
10 and 11. The differences in the displacement results (Fig.
10) cannot be distinguished in this figure with both types of
basis functions yielding essentially identical results; both of
which have very good agreement with the membrane theory
results of Flugge.30 Similarly there is little difference between
the stress resultant values, Fig. 11, calculated by either the
finite elements or membrane theory,30 except that the rigid-
body basis functions have a better interelement continuity of
the stress resultants. The differences in the moment
resultants are more pronounced,29 particularly in the case
of M.
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Conclusions
A general method for constructing elements in shell coor-

dinates that implicitly possess the capability of recovering all
six rigid-body motion has been presented. It has been il-
lustrated by several examples utilizing three very different
shell geometries that the basis functions developed by the
method presented herein yield excellent results, both in terms
of accuracy and economy.
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